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We derive the observable gravitational wave (GW) peak frequency (f) distribution of binary black
holes (BBHs) that currently reside inside their globular clusters (GCs), with and without 2.5 Post-
Newtonian (2.5PN) effects included in the dynamical evolution of the BBHs. Recent Newtonian
studies have reported that a notable number of nearby non-merging BBHs, i.e. those BBHs that are
expected to undergo further dynamical interactions before merger, in GCs are likely to be observable
by LISA. However, our 2.5PN calculations show that the distribution of log f for the non-merging
BBH population above ∼ 10−3.5 Hz scales as f−34/9 instead of the f−2/3 scaling found in the
Newtonian case. This leads to an approximately two-orders-of-magnitude reduction in the expected
number of GW sources at ∼ 10−3 Hz, which lead us to conclude that observing nearby BBHs with
LISA is not as likely as has been claimed in the recent literature. In fact, our results suggest that it
might be more likely that LISA detects the population of BBHs that will merge before undergoing
further interactions. This interestingly suggests that the BBH merger rate derived from LIGO can
be used to forecast the number of nearby LISA sources, as well as providing insight into the fraction
of BBH mergers forming in GCs.
I. INTRODUCTION
Binary black hole (BBH) mergers have recently been
observed by the ‘Laser Interferometer Gravitational-
Wave Observatory’ (LIGO) through their emission of
gravitational waves [1–6], but how and where they formed
are still open questions. Several formation scenarios have
been proposed, including active galactic nuclei discs [7–
9], isolated field binaries [10–16], single-single GW cap-
tures of primordial BHs [17–20], dense stellar clusters
[21–33], galactic nuclei [34–38], and very massive stel-
lar mergers [39–42]. Among these, two of the most
discussed progenitor channels are those resulting from
formation in dynamical environments, such as globular
clusters (GCs), and those resulting from formation in iso-
lation, in the field. However, observationally discerning
different formation channels is a non-trivial task, and is
therefore the current topic of many ongoing studies [for a
recent review see e.g. 43]. For example, recent work sug-
gests that there are at least two observable parameters
that can be used to distinguish these two classes of chan-
nels. The first parameter relates to the angle between
the BBH spin vectors that is expected to be random for
dynamically formed BBH mergers due to frequent ex-
changes [e.g. 44], whereas isolated field BBH mergers are
expected to have somewhat correlated spins [e.g. 45–47].
Despite its simplicity, this test might fail if, e.g., the field
BBH has a third companion [e.g. 48, 49], or if the indi-
vidual spin values simply are low. The second parameter
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is the BBH orbital eccentricity in the LIGO band, which
is expected to be indistinguishable from zero for the field
BBH mergers, but non-zero for a notable fraction of the
dynamically formed BBH mergers. The fraction of such
eccentric BBH mergers was only recently derived for GCs
in the series of studies by [50–57], from which it was
shown that when 2.5 Post-Newtonian (2.5PN) effects
[e.g. 58] are included in the dynamics, ∼ 5% of all GC
mergers are likely to be eccentric in LIGO ( we refer to ec-
centric LIGO sources as sources with eccentricity& 0.1 at
10 Hz). As derived in [56, 57], this fraction is ∼ 100 times
greater than what has been predicted by decades of New-
tonian simulations. Eccentric mergers might also form
through single-single GW captures [e.g. 18, 34, 59, 60],
in environments near super-massive BHs [e.g. 61], and
from secular evolution of Kozai-Lidov triples [e.g. 62–
64]. In addition, it has also been argued that relative
dense stellar systems might produce second-generation
BBH mergers, which are expected to lead to BHs that
have notably higher masses and spins than those formed
in the field [e.g. 28, 65–68]. The general BBH mass dis-
tribution is likewise expected to differ between different
channels, including BBH mergers forming in GCs [28],
primordial BBH mergers [e.g. 69], and single-single GW
capture mergers in galactic nuclei [e.g. 60]. Mapping the
BBH merger rate as a function of redshift can also help
distinguishing formation channels [e.g. 32, 70, 71].
Looking towards the future, the ‘Laser Interferometer
Space Antenna’ mission [LISA; 72] will be able to provide
a wealth of additional insight into how and where BBHs
form [e.g. 65, 73–79]. The LISA mission operates at much
lower GW frequencies than LIGO, and is therefore able
to provide insight into the BBH orbital parameters before
general relativistic effects erase information about their
2values near assembly. For example, it was illustrated by
[78, 79] that about 50% of all BBH mergers assembled
in GCs will have a measurable non-zero eccentricity in
the LISA band [see also 65] ( we refer to eccentric LISA
sources as sources with eccentricity & 0.01 at 10−2 Hz),
which is orders of magnitude more than expected for field
BBH mergers.
In this paper we study the GW frequency distribution
of BBHs that currently are inside their GCs, their possi-
bility for being observed by LISA, and how these results
are affected by the fact that BBHs are likely to merge
both during and in-between the ongoing dynamical inter-
actions in the GC [e.g. 67]; processes we here loosely re-
fer to as 2.5PN effects. Newtonian work on this has been
performed before by [80], in which it was concluded that
a few BBHs in our Milky Way should be observable by
LISA. Recent work by [81] made similar conclusions us-
ing a state-of-the-art He´non Monte-Carlo style approach,
but the results were again based on purely Newtonian dy-
namics. The importance of including 2.5PN corrections
for describing the population of merging BBHs observ-
able by LISA and LIGO was first described by [78, 79, 82];
however, at the time of this paper’s submission, no work
has discussed the role of 2.5PN corrections for describing
the GW frequency distribution of the currently retained
BBH population. We do that here for the first time.
We show that 2.5PN correction effects significantly re-
duce the probability for observing BBHs near the low
frequency end of the LISA band, exactly where [81] pre-
dicts a nearby observable BBH population. To shortly
review the main results from [81], it was argued that
∼ 4, ∼ 8, and ∼ 80 BBHs should be resolvable by LISA
with S/N > 2 in the Milky-Way, the Andromeda galaxy,
and the Virgo-cluster, respectively. The work by [81]
did attempt to correct for 2.5PN correction effects by
putting an upper limit on the BBH eccentricities, from
which it was concluded that the 2.5PN correction are
unlikely to play a role; however, we prove that this esti-
mator insufficiently accounts for 2.5PN induced mergers
between dynamical encounters within the GC. Using a
simple semi-analytical model we derive the leading order
effect from including 2.5PN corrections, from which we
conclude that [81] have overestimated the total reported
number of observable sources at least by a factor of a few
to an order of magnitude. This difference is found pri-
marily in the the nearby, ‘Virgo-cluster population’ (see
above) that we show are likely to be greatly suppressed
due to effects from including 2.5PN corrections. Despite
the simplicity of our model, we do present the first consis-
tent discussion on this topic, which indeed suggests that
more careful studies on how BBHs evolve and distribute
inside GCs must be performed.
The paper is organized as follows. In Section II we
describe our approach to modeling the dynamical evo-
lution of BBHs inside their GCs, and how the inclusion
of 2.5PN correction effects affect the dynamics and cor-
responding observables. In Section III our main results
are presented, which include the observable distributions
of GW peak frequencies for BBHs currently inside their
GCs, and the effects from including 2.5PN corrections in
the dynamics. We conclude our study in Section IV.
II. MODELING BLACK HOLE DYNAMICS
Our goal is to estimate the probability distribution of
GW peak frequencies (see Eq. (5) for a definition) for
dynamically assembled BBHs that currently are inside
their GCs, with and without 2.5PN effects. As described
in the Introduction, we use the term ‘2.5PN effects’ to
denote that our model allows for in-cluster BBH mergers
during and in-between encounters [e.g. 78], in contrast to
‘Newtonian models’ that essentially only allow dynami-
cally assembled BBHs to merge after being ejected [e.g.
56, 67, 78].
For modeling the evolution of BBHs inside GCs, we
use our semi-analytical model described in [78]. In short,
in this model we assume that each BBH starts out with
a semi-major axis (SMA) equal to its hard binary limit
value, aHB, which is given by [e.g. 83],
aHB ≈
3
2
Gm
v2dis
, (1)
where m is the mass of one of the (assumed equal mass)
interacting BHs, and vdis is the GC velocity dispersion.
This is a good approximation as the majority of the rel-
evant BBHs are believed to form dynamically through
close interactions of > 2 initially unbound single BHs in
the GC core [e.g. 83–86]; a process which has the high-
est probability of forming BBHs near aHB. We assume
equal masses as both mass segregation and dynamical
three-body swappings naturally lead to this limit [e.g.
26]. After formation at aHB, the BBH undergoes interac-
tions with surrounding single BHs, generally referred to
as ‘binary-single interactions’ [e.g. 83, 87]. Each of these
binary-single interactions changes the SMA of the inter-
acting BBH from a to δ×a, where the average value of δ
can be shown to equal 7/9 [56]. The BBH keeps under-
going binary-single interactions until its SMA a becomes
small enough for the three-body recoil to kick it out of
the GC. The critical value for a at which this ejection
happens is given by [e.g. 56],
aej ≈
1
6
(
1
δ
− 1
)
Gm
v2esc
, (2)
where vesc is the escape velocity of the GC. Depending
on the SMA and eccentricity of the ejected BBH, it will
be able to merge within a Hubble time outside of the
GC. For example, for a 30M⊙ + 30M⊙ BBH with an
initial SMA a = 0.5 AU, the initial eccentricity has to
be & 0.8 for the corresponding GW inspiral time to be
less than a Hubble time. Assuming the eccentricity, e,
distributes according to a so-called thermal distribution
P(e) = 2e [84], then one finds that there is about 1 −
30.82 → 36% chance for such a BBH to contribute to the
observable rate. This is the classical way of forming BBH
mergers in dense stellar systems [e.g. 21]. However, when
2.5PN effects are included in the dynamics, the BBH
also has a relatively high probability of merging inside
the GC before being dynamically ejected [56, 67, 78], as
summarized below.
When 2.5PN effects are included in the N -body dy-
namics, a BBH undergoing the binary-single hardening
sequence described above, can merge inside the GC in
at least two different ways [78]. The first way is during
binary-single interactions (3-body GW merger), which
are generally described by highly chaotic motions [51].
As shown in [56, 82], this population of BBHs forms close
to the DECIGO [88, 89] and LIGO bands with an initial
eccentricity close to unity. The second path to in-cluster
merger is in-between binary-single interactions (2-body
GW merger). This can happen if a previous encounter
leaves the BBH with an eccentricity high enough for its
GW lifetime [see e.g. 90], denoted by tGW, to be smaller
than its binary-single encounter time scale, denoted by
tbs. About 50% of all BBH mergers in GCs form in this
way [67], and they generally spend part of their time in
the LISA band with eccentricity& 0.01 [78, 79], which in-
terestingly is in the measurable range of LISA. Through-
out the paper we refer to the in-cluster BBH populations
that do and do not merge before their next binary-single
encounter by the ‘merging population’ (tGW < tbs) and
the ‘non-merging population’ (tGW > tbs), respectively.
A. Numerical Study
To derive the GW peak frequency distribution of
the retained BBH population, we numerically follow
a large set of (uncorrelated) BBHs from their ini-
tial SMA aHB towards their minimum SMA aej, as-
suming their SMA decreases in each encounter as
δ0aHB, δ
1aHB, δ
2aHB, ..., δ
naHB, ..., until δ
NejaHB ≈ aej,
where n is the n’th binary-single interaction, and δ =
7/9. If 2.5PN effects are not included, all of the BBHs
will reach aej, whereas if 2.5PN effects are included a sig-
nificant fraction will merge before ejection [78]. Because
the 3-body GW merges contribute to only a few % of
in-cluster mergers, they are not important for this study.
Hence, we focus entirely on modeling the effect from 2-
body GW mergers. Following the approach from [78],
we do this by calculating at each hardening step n the
time between strong binary-single interactions [e.g. 54],
tbs ≈
1
6piG
vdis
nsma
, (3)
and the GW lifetime of the BBH in question,
tGW ≈
768
425
5c5
512G3
a4
m3
(
1− e2
)7/2
, (4)
where ns in Eq. (3) denotes the number density of single
BHs, and for Eq. (4) we have used the high eccentricity
limit from [90]. Furthermore, we assume that the BBH
eccentricity, e, distributes according to a thermal distri-
bution P(e) = 2e [84]. We note here that distant encoun-
ters (weak binary-single interactions) can also change the
eccentricity [91]; however, we do not include this effect in
this paper. Now, if tGW < tbs at a given step n, we stop
the interaction series and label the outcome as a 2-body
GW merger. If instead the BBH does not merge before
n = Nej, the outcome is labeled as an ejected BBH. At
each state n and for each outcome, we record the corre-
sponding BBH orbital parameters. From these we derive
the GW peak frequency distribution, as described below.
An eccentric BBH emits GWs with a broad spectrum
of frequencies [see e.g. 79]; however, most of the energy
is radiated near the so-called ‘GW peak frequency’ which
to leading order is given by [e.g. 92],
f ≈
1
pi
√
2Gm
r3p
, (5)
where rp = a(1 − e) is the pericenter distance of the
BBH. Although other frequencies near this value might
be observable by LISA for nearby sources [e.g. 79–81],
we only discuss implications related to the peak value in
this study.
Our numerical results presented in this paper are all
based on following 105 BBHs from their initial aHB to-
wards aej, for which we assume thatm = 20M⊙, ns = 10
5
pc−3, vdis = 10 kms
−1, and vesc = 50 kms
−1. We note
that these values are uncertain; however, they do result
in ≈ 50% of all BBH mergers occurring inside their GC,
which is in agreement with the recent 2.5PN simulations
presented in [67].
We consider what we refer to as the ‘observable dis-
tribution’ of BBHs, by taking into account the proba-
bility that a BBH emitting at a given GW frequency f
would be observed at a single snapshot in time, i.e. at
the time of observation. This probability is proportional
to the time the corresponding BBH spends at that GW
frequency f , which is equal to tbs for a BBH that will not
merge (non-merg. BBH), and approximately equal to
tGW for a BBH that will merge (merg. BBH). The last
statement follows because a BBH orbit in the high ec-
centricity limit evolves with nearly constant peri-center
distance, i.e. GW peak frequency, until circularization
[e.g. 51]. Therefore, to produce the observable distribu-
tion, we weight each f value derived using our model by
either tbs or tGW, as further described in Section II B. Our
derived distributions will therefore be directly compara-
ble to the one shown in, e.g., [81]. We note here that for
estimating the actual number of resolvable sources one
has to further include the signal-to-noise (S/N), which
depends on the source including its mass, eccentricity
and orientation, the observational strategy, and instru-
ment [e.g. 79]. This will not be covered in this paper,
but we will comment on it in Section IV.
4B. Analytical Scaling Relations
Before presenting our main results, we start here by
providing some insight into how the distribution of log f
can be analytically estimated. The derived relations will
be compared to our numerical results presented later in
Section III A and III B, and will provide useful under-
standing of how 2.5PN effects are expected to affect the
observable distributions.
To derive the observable distribution of log f as a func-
tion of f , we start by writing out the probability that a
BBH will be observed with a GW peak frequency > f
during its dynamical evolution from SMA aini towards
afin,
P (> f) ∝
∫ afin
aini
p(> f, a)
a
da, (6)
where p(> f, a) denotes the probability that the BBH
will be observed with a GW peak frequency > f when its
SMA is = a. The above relation originates from summing
the probabilities p(> f, n) over the hardening steps from
n = 0, ..Nej, which we have changed to a variation in
SMA a using that the change in a in each interaction
is a(1 − δ) (see e.g. [56]). Following this notation, the
probability distribution of f is therefore given by P (f) =
−dP (> f)/df , and the distribution in log f by P (log f) =
fP (f). This lead us to conclude that,
P (log f) ∝ f
d
df
P (> f) ∝ P (> f), (7)
where the last step is valid only when the solution is a
power-law in f , which is true in the asymptotic limit we
consider. The probability p(> f, a) can be written as,
p(> f, a) ∝
∫ 1
ef
P (e)W (a, e)de, (8)
where P (e) is the eccentricity distribution, W (a, e) is a
weight factor that describes the probability for observing
a BBH with SMA a and eccentricity e at a single snapshot
in time, and ef is the eccentricity of a BBH having a GW
frequency f and a SMA a given by rearranging Eq. (5),
1− ef ∝ a
−1f−2/3. (9)
As described in Section IIA, the weight factor W (a, e) is
to leading order proportional to the time between binary-
single interactions for the non-merging BBHs, and pro-
portional to the GW lifetime for the merging BBHs, i.e.,
W (a, e) ∝ tbs, (non-merg. BBH) (10)
W (a, e) ∝ tGW, (merg. BBH) (11)
With these relations, one can derive the (asymptotic)
distribution of log f with and without 2.5PN effects. This
will be illustrated in the sections below.
III. RESULTS
In this section we present our main results on the ob-
servable distribution of GW peak frequencies for BBHs
that currently are inside their GC. Section IIIA presents
results from the Newtonian limit, where Section III B
shows results from including 2.5PN effects.
A. Newtonian Results
The observable distribution of log f derived by the use
of our model outlined in Section II without 2.5PN effects,
i.e. not allowing for BBHs to merge inside their GCs, is
shown in Figure 1 with the red solid line. As seen, this
Newtonian limit leads to an almost perfect power-law
distribution starting from about 10−5 Hz. Slightly above
10−6 Hz the distribution undergoes a clear break, which
is at the frequency f corresponding to a BBH with orbital
parameters a = aej, e = 0, i.e. at f(aej, e = 0). The
position of this break therefore scales ∝ v3esc/m, which
follows from Eq. (2) and (5), i.e. its position is not
strongly dependent onm, but is expected to notably vary
with the overall environment through vesc.
Our derived distribution seems to be in overall good
agreement with the Newtonian results shown in [81] (Fig-
ure 1, black line), e.g., both distributions have a break
around 10−6 Hz and a near power-law decline towards
higher frequencies. The distribution from [81] truncates
at about 10−2 Hz, likely due to low statistics. This agree-
ment provides some validation of our model, despite its
simplicity.
We now derive an analytical scaling solution for
P (log f) without 2.5PN effects, using the framework
presented in Section II B. For this, we first use that
W (a, e) ∝ tbs ∝ 1/a, which follows from Eq. (3). As-
suming that P (e) = 2e, the probability p(> f, a) is then
found from Eq. (8) to scale∝ a−1(1−e2f ) ≈ a
−1(1−ef) ∝
a−2f−2/3, where we here have assumed that ef ≫ 0. In-
serting this relation into Eq. (7) results in the solution,
P (log f) ∝ f−2/3 (Newt.), (12)
where ‘Newt.’ refers to our assumption of the Newto-
nian limit. This scaling is shown in Figure 1 with the red
dashed line. As seen, it perfectly describes the numeri-
cally generated data above 10−5 Hz, which validates the
consistency of our approaches so far. Below we study the
effects from including 2.5PN corrections.
B. General Relativistic Results
We now consider the effects from allowing BBHs to
merge through GW emission in-between their binary-
single interactions, which is the leading order 2.5PN ef-
fect relevant for this problem. This inclusion leads to
two different observable populations; the population of
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FIG. 1. Distribution (y-axis) of GW peak frequencies (x-
axis) each weighted by a factor W (a, e) (see Eq. (10) and
(11)), from BBHs that currently are inside their GCs, derived
using our model outlined in Section IIA. The parameters we
have used are m = 20M⊙, ns = 10
5 pc−3, vdis = 10 kms
−1,
and vesc = 50 kms
−1. The figure shows results from dynam-
ically evolving 105 BBHs with 2.5PN corrections (blue/grey,
‘2.5PN’) and without 2.5PN corrections (red, ‘Newt.’), i.e.
with and without taking into account that BBHs can merge
in-between their hardening binary-single interactions inside
the GC. The weight factor W (a, e) for a given f is set to be
proportional to the time the corresponding BBH spends at
that f , which is = tbs for the non-merging population (‘non-
merg. pop.’), and = tGW for the merging population (‘merg.
pop.’). The weight W (a, e) is proportional to the probability
for observation, and the figure therefore shows the distribu-
tion one would see at a random snap-shot in time, i.e. at the
time of observation (See Section II). The horizontal hatched
region indicates roughly the window where LISA is most sen-
sitive. Red solid: Distribution without 2.5PN effects (Newt.,
all.). Red dotted: Distribution without 2.5PN effects, and only
including BBHs with an eccentricity < 0.99 (Newt., e < 0.99).
Blue: Distribution with 2.5PN effects from BBHs that do not
merge before their next encounter (2.5PN, non-merg. pop.).
Grey: Distribution with 2.5PN effects from BBHs that do
merge before their next encounter (2.5PN, merg. pop.). The
results are discussed in Section III.
BBHs that do not merge before their next interaction
(non-merging population), and the population that do
merge before undergoing further interactions (merging
population). The corresponding log f distributions are
shown in Figure 1 with blue (2.5PN, non-merg. pop.)
and grey (2.5PN, merg. pop.) lines, respectively. As
seen, the inclusion of 2.5PN effects leads to a sharp break
in both the non-merging and merging log f distributions
around 10−3.5 Hz, which is the frequency corresponding
to a = aej and tGW = tbs, i.e. at f(aej, tGW = tbs). Using
the relations from Section II, one finds that f(aej, tGW =
tbs) ∝ m
2/7v
−12/7
esc n
3/7
s assuming vdisv
−1
esc = const. There-
fore, the position of the break seen in Figure 1 is expected
to vary only weakly with BH mass, but notably with vesc;
however, we note that one expects variations from our
chosen values (m = 20M⊙, vesc = 50 kms
−1) only up to
about a factor of two for ‘standard’ GCs and BH masses.
At frequencies higher than the break value, the prob-
ability for observing a BBH declines rapidly compared
to the Newtonian case (red distribution). If all the f
values are given the same weights as in the Newtonian
case, i.e. if we set W (a, e) = tbs, the joint distribu-
tion of the two 2.5PN populations (‘2.5PN, non-merg.
pop.’ and ‘2.5PN, merg. pop.’) is found to be very
close to the Newtonian derived distribution. From this
follows that the sharp decline seen for the merging BBHs
(‘2.5PN, merg. pop.’) is directly linked to their obser-
vational weight term W (a, e) ∝ tGW ∝ a
1/2f−7/3, which
becomes increasingly smaller than the Newtonian term
W (a, e) ∝ tbs ∝ 1/a for increasing values of the GW peak
frequency. We note here that the cutoff in the merging
population (grey distribution) at low frequencies repre-
sents where no value of e could merge the binary within
a binary-single interaction time at the given frequency.
The corresponding sharp decline of the non-merging
BBH population (blue distribution) occurs naturally be-
cause BBHs with a high GW peak frequency f also have a
relative large probability for merging (tGW ∝ a
1/2f−7/3).
Therefore, the higher the GW peak frequency, the more
likely it is for the BBH to merge than to undergo fur-
ther interactions. If it does undergo further interactions
this means that the time scale tbs < tGW will be rela-
tively short, and thereby its weight term is correspond-
ingly small. These combined effects give rise to the ob-
served rapid decline in BBH number for increasing f .
Below these qualitative descriptions are presented math-
ematically, where we derive and discuss the two 2.5PN
populations.
1. The Non-merging BBH Population
For the BBHs that will not merge before their next
binary-single encounter (2.5PN, non-merg. pop.), one
must have that P (> f) is non-zero only for values of a
greater than the value that fulfills tbs(a) = tGW(a, f).
Using that tGW(a, f) ∝ a
4(1 − e2f )
7/2
∝ a1/2f−7/3, and
that tbs ∝ 1/a, one finds this minimum value for a to
scale as ∝ f14/9. Approximating the non-merging prob-
ability by p(> f, a) ∝ a−2f−2/3, where we have used
W (a, e) ∝ tbs ∝ 1/a, and evaluating Eq. (6) with limits
of integration aini = aHB ≫ afin and afin ∝ f
14/9, we find
the following scaling solution,
P (log f) ∝ f−34/9 (2.5PN, non-merg. pop.). (13)
As seen in Figure 1, this scaling agrees with the numer-
ically generated data at frequencies above the 10−3.5 Hz
break. At frequencies below the break, afin is replaced by
aej and the Newtonian case is recovered as shown above,
6and as is observed in the figure.
In [81], an attempt to extract the observable non-
merging BBHs from their Newtonian simulations was
done by removing the current BBH population with an
eccentricity > 0.99. However, it is clear from what we
have derived so far that a single cut in eccentricity is
insufficient for isolating the non-merging BBHs. For ex-
ample, for a given BBH with SMA a the correspond-
ing eccentricity eM above which it will merge is given
by solving tbs(a) = tGW(a, eM), from which one finds
1 − eM ∝ a
−10/7. The value of a changes by one to two
orders of magnitude during hardening, which clearly im-
plies the critical value eM significantly changes as well.
To further illustrate this, the red dotted line in Figure
1 shows the distribution found from employing the pro-
posed 0.99 eccentricity cut. As seen, already at 10−3 Hz
this e > 0.99 cut (red dotted line) predicts about two-
orders-of-magnitude more non-merging BBHs than our
consistent approach (blue solid line). This calls into ques-
tion some of the key results from [81], including that
several nearby non-merging BBHs should be observable
by LISA, and that 2.5PN effects should not play a ma-
jor role in this prediction. For example, the Virgo-
cluster population that in [81] was predicted to con-
tribute with about ∼ 80 currently observable BBH LISA
sources comes from up-weighting the small population
found with f > 10−3 Hz (see Fig. 1 in [81]). However,
we have in this paper shown, using our 2.5PN dynam-
ical formalism, that the probability for observing these
BBHs is very small due to their corresponding short GW
lifetime. Therefore, 2.5PN corrections do indeed play
a notable role, as it clearly leads to a strong break near
10−3.5 Hz, above which the observable probability distri-
bution of non-merging BBHs decreases rapidly relative
to the Newtonian prediction; from Eq. (12) and (13) the
2.5PN-derived distribution decreases relative to the New-
tonian as f−34/9/f−2/3 ∝ f−28/9, which is more than
three-orders-of-magnitude per decade in f . That said,
we do note that our approach only presents an idealized
picture due to its simplicity, and observable outliers and
exceptions might exist. However, at the frequencies were
LISA is most sensitive, we do still expect that 2.5PN
effects will lead to orders of magnitude differences com-
pared to the Newtonian limit treated in [81].
2. The Merging BBH Population
For the BBHs that do merge before their next binary-
single encounter (2.5PN, merg. pop.), the observational
weight factor is proportional to their GW lifetime, i.e. in
this case W (a, e) ∝ tGW ∝ a
4(1 − e2)7/2. By including
this factor in the integral for p(> f, a) given by Eq. (8),
one finds from integration that p(> f, a) in this case is
∝ f−3. From plugging this into Eq. (6) it now follows
that,
P (log f) ∝ f−3 (2.5PN, merg. pop.). (14)
This again agrees with the simulations at frequencies
above the 10−3.5 Hz break. At frequencies below the
break, BBHs do not merge within a binary-single en-
counter time and the merging population diminishes.
Comparing the non-merging and the merging popula-
tions shown in Figure 1, we find that the merging pop-
ulation dominates the potentially observable population
at frequencies above the break 10−3.5 Hz, right where
LISA starts to become sensitive. Although the two dis-
tributions are quite similar, this result does hint that the
relevant population to consider for nearby LISA sources
might in fact be the population that is on its way to
merge. We note that this is the population the authors
in [81] attempted to remove by the 0.99 eccentricity cut.
If the merging population in fact is the most likely to
be observed, one should be able to predict the number
of nearby LISA sources by the use of the BBH mergers
observable by LIGO. Such a test could further provide
insight into the fraction of BBH mergers assembled in
GCs. For more information on the merging population
we refer the reader to [78, 79]. We conclude our study
below.
IV. CONCLUSIONS
In this paper we have derived the observable proba-
bility distribution of GW peak frequencies from BBHs
that currently are inside their GCs (see Section III). In
particular, we have for the first time characterized the ob-
servable effects from taking into account the possibility
that BBHs can merge in-between their hardening binary-
single interactions, which we argue is the leading order
effect from including 2.5PN corrections in this problem
(see Section II). We find that 2.5PN corrections strongly
suppress the probability for observing BBHs above 10−3.5
Hz, which leads us to re-evaluate key results from the re-
cent Newtonian study presented by [81].
In [81] it was reported that a notable number of BBHs
in GCs are likely to be observable by LISA out to the
Virgo cluster1 (similar papers on this include e.g. [80, 93]
and [76] for BBHs that are not formed dynamically).
An attempt to correct for 2.5PN effects by removing all
current BBHs with an eccentricity > 0.99 was also per-
formed, and the corresponding results led the authors to
conclude that 2.5PN effects are likely not to play an im-
portant role. However, we have in this paper illustrated
that 2.5PN effects clearly lead to a strong depletion of ob-
servable GW sources above 10−3.5 Hz, and further shown
that the proposed 0.99 eccentricity cut is an incorrect es-
timator.
For the non-merging BBHs, i.e. the population that
will undergo further interactions inside their GCs, we
1Note here that BBHs that are observed drifting through the LISA
band and end up in the LIGO band, can be seen out to much larger
distances due to their higher signal-to-noise [e.g. 74, 78, 79].
7derived that the observable distribution of log f above
10−3.5 Hz without 2.5PN effects scales ∝ f−2/3 and with
2.5PN effects∝ f−34/9. This implies that already at 10−3
Hz the number of observable non-merging BBHs is about
two-orders-of-magnitude smaller when 2.5PN corrections
are included compared to what is found in the Newtonian
limit, even with the 0.99 eccentricity cut proposed by [81].
Although the non-merging population appeared to be
the focus of [81], our results in fact hint that it might be
more likely that LISA observes the nearby merging BBH
population, i.e. the BBHs that will merge before their
next encounter (their GW lifetimes are still relatively
long at this stage). This interestingly suggests that the
observed rate of BBH mergers from LIGO can be used
to derive the expected number of nearby BBHs observ-
able by LISA (see similar conclusion for isolated circular
BBHs [74] and eccentric BBHs [77]), which further can
be used to constrain the fraction of BBH mergers forming
in GCs.
The importance of including 2.5PN corrections be-
comes particularly clear when considering the absolute
number of nearby BBHs observable by LISA, for which
one has to take into account their associated S/N. The
reason is that the S/N for LISA sources generally in-
creases with f (for f < 10−2 Hz), which implies that the
higher f is the further away the source can be observed
(see e.g. [79]). From this follows that the BBHs in the
fully 2.5PN dominated region at f & 10−3.0 Hz in fact
might dominate the observable population in numbers, as
their relative high value of f correspondingly gives them a
high weight by the many more GCs that are within their
larger observable distance. For example, as discussed by
[81], there are ∼ 104 GCs in the Virgo cluster, compared
to ∼ 102 in our own Milky Way. Judging from [81], for a
BBH to be observable to the Virgo cluster, its GW peak
frequency must be & 10−2.5 Hz. From our results shown
in Figure 1, it is clear that the effects from 2.5PN cor-
rections fully determine what can be observed near and
above that frequency; the number of nearby BBHs we ex-
pect to see with LISA, seems therefore to highly depend
on a proper inclusion of 2.5PN effects.
Finally, that the short-lived GW driven BBHs actually
seem to play an important role, also brings some concern
to the common numerical way of sampling the BBH dis-
tribution using ‘snapshots’. In [81] the BBH distribution
was sampled from snapshots spaced 10− 100 Myr apart;
however, its clear that such an approach will greatly un-
dersample and thereby miss BBHs with relative high GW
peak frequencies due to their associated short GW life-
times. Therefore, the clear analytical derivations and
descriptions we here have presented, will undoubtedly be
extremely useful when developing and testing the next
generation of PN simulations of BBHs in GCs.
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